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1. Model 
In this paper the previous work]) on Bosonization of the interacting system2) is extended 
toward the interparticle scattering effect. The effect is important in a dilute system3) and is 
usually handled by a diagrammatic method in a perturbation theory.4) In the present paper a 
path integral method is proposed as an alternative approach. The advantages are that the 
theory becomes more transparent and opens a way for intuitive understanding and that it 
could allow for a non-perturbative effect. 
To achieve the goal a bilocal auxiliary field is introduced into a model action. The bilocal 
field is carefully chosen so that its fluctuation contains the original scattering effect in 
question. In the previous paper]) the particle-hole scattering is treated by a bilocal field rep-
resenting the particle-hole pair. Within the path integral formalism the theory has been 
reformulated in terms of the bilocal field via Stratonovich-Hubbard transformation. The 
formalism is useful in particular in taking into account the particle-hole ladder diagram. 
The present paper follows the formulation closely but now the bilocal field corresponds to 
the particle-particle pair. In this way the particle-particle ladder diagram should by easily 
handled. This type of ladder diagram is important not only in a dilute system but also in a 
condensing system such as superconductivity.3) 
The model is given by 
(1) 
where 'ljJ ex (x) is the field operator for spin a and v (x, x') is the interaction potential. In 
the above the summation is implied for spin and space. The partition function can be 
expressed in the Euclidean formalism by the path integral 
z = J D'ljJ+ D'ljJ exp( - A) (2) 
where D'ljJ is the path integral measure. The action A IS 
A = Ao + Aint (3) 
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where 
Ao = ~+(l)(aT + ~)12~(2) (4) 
Ain! = ~1j;+(1)1j;+(2)V121j;(2)1j;(1) (5) 
and 
(6) 
In these formulae the summations over spin, space and time(imaginary) are implied for 
repeated numbers and indices. 
2. Hubbard-Stratonovich transformation 
This transformation4) offers a powerful means for discussing a collective phenomenon 
such as a density fluctuation as has been discussed in the previous paper. I) Once the auxil-
iary field is introduced in a model the original field can be integrated out and then the 
model is entirely given in terms of the new field. The crucial point in choosing a proper 
field is whether the new field realizes desired diagrams as field fluctuations. In the present 
case the appropriate auxiliary field should correspond to the particle pair. 
The transformation formula extended for the present case 
IS 
(7) 
where 
1 - A _ A 
A int C[~] = - 2v(12)(~ + (12)-~ + (12) )(~(21)-~(21)) 
+Aint 
(8) 
A(12) = ~(1)~(2) (9) 
and the auxiliary field is 
~(12) = v(12)~(12). (10) 
Alternatively, in the matrix form the action is 
3 
4 
1 
+ ( )~+(12)~(21) 2v 12 
where \II (1) is a spinor field, 
\II(l) = ( 7jJ(1) ). 
7jJ+(1) 
(11 ) 
(12) 
Due to Eq.(7) the field integral in Eq.(2) can be performed and give an equivalent expres-
sion for the partition function, 
(13) 
where 
1 +-t Aefd~] = -2tr In[18r + O'3~ - i ~] 
+ t ) ~+(12)~(21) 2v 12 
and 
(14) 
In the above the Pauli matrix 0'3 and the unit matrix 1 are introduced. 
3. Perturbation 
In order to gain some insight into the new representation in Eq.(13) one may consider a 
perturbation expansion. The effective action in Eq.(14) allows for the series expansion in 
terms of the new field, 
o 1 + --1 Aefd~] = Aeff + 2~ (12)J 21;34~(34) 
1 +4trgo~go~ + go~go~ + + ... 
(15) 
where 
--1 1 J 21-34 = go(23)go(14) + ( ) 6(23)6(14) 
, v 12 (16) 
and the propagators are 
(17) 
Then, the energy to the lowest order is given by 
(18) 
and to the first order 
(19) 
where the average (f) tl. is defined by 
(f)tl. = N IT I D~I(12)D~"(12)f 
1>2 
exp [~L /) (~1(12)2 + ~/f(12)2)] 
1>2 v 12 
(20) 
and N is a normalization factor defined by 
N- 1 = IT I D~I(12)D~"(12) 
1>2 (21) 
exp [~L / ) (~1(12)2 + ~/f(12)2)] 
1>2 v 12 
In these integrals ~' and ~" are real and imaginary parts of ~ , respectively_ Thus, a care-
ful treatment of the anti symmetry of ~(12) leads to the first order contribution to the ener-
gy, 
5 
=~ ( 0--0 0) (22) 
The part of the second order energy which arises from the square of the second term in 
Eq.( 15) is 
E (2) - _~ 1 - 4 0 ---0 - - - \1 1 \ / \ \ (23) 
\ 
where in the diagrams the solid and dashed lines are, respectively, the original particle lines 
and interaction lines. The above results confirm that the effective action in Eq.(l4) repro-
duces the known results. In particular, the first and second terms in the first 
order result in Eq.(22) are Hartree and Fock terms,3),4) respectively. Note also that the 
crossing diagram has appeared in the second term inside the bracket in Eq.(23). The present 
approach is non-standard since the field of a pair closely associated with the pair 
condensation is exploited in order to study a normal state, a non-condensed state. Neverthe-
less, in the following it is shown that the approach has important advantages. 
4. One loop expansion 
To develop the loop expansion one extracts the lowest order term in the action in Eq.(l4) 
as the basic block in the expansion 
Aeff(2)[~] = L ~ *(21)J-121;34~(34) 
2>1 
3>4 
where J-121.34 is the inverse of the propagator for ~ and is defined by 
, 
J - 1 1 21;34 = v(12) 8(14)8(23)+90(23)90(14)-90(24)90(13) 
-1 
= V 21;34 + 821;34 
(24) 
(25) 
and the symbol 821;34 is defined by 
821;34 = go(23)go(14) - go(24)go(13) 
(26) 
2 ------');.--- 3 
--)""*-- 4 
If the index a stands for the pair of indices (1, 2) with 1 > 2, the lowest order action and 
the propagator are given by 
Aeff (2) [~] + Aext = ~ * a J - 1 a;{3~{3 - (j* a~a+ ja~ * (3) (27) 
and 
Ja {3 = (~a~~)(O) II 
= £ ~+ ;-In II I D~a * D~{3 exp{ - (Aeff(2) [~]+Aext) } (28) 
uJa UJr3 a 
The useful formula for the loop expansion is 
112;34 (~(12)~ * (34)) 
= (L J 12;34 - L J 12 ;43 - L J 21 ;34 + L J21;43) 112;34 
1>2 1>2 1<2 1<2 
3>4 3<4 3>4 3<4 
(29) 
The one loop contribution is then given by 
El-1oop = tra In (vJ- 1 ) . (30) 
The half space trace train this result can be transformed to a full trace, and 
(31) 
One can show that this result reproduces the perturbation series in Eqs.(23) and (22). 
5. Higher loop expansion 
The n-th order term of the series expansion of the effective action in Eq.(l4) is 
7 
R 
(32) 
which reduces to zero when n is an odd integer. The two loop contribution to the energy is 
then 
1 
E2-1oop = 2" 
(33) 
where the thick broken lines denote propagators for ~ . This result contains the diagrams 
o 
: : : 
, / 
--;<..-..:----o 
: : : 
- - --7~-
o 
Among these diagrams the second and third one have maximally crossing parts. 
7. Conclusion 
The present work has shown that the interparticle scattering effect could be handled by 
the auxiliary bilocal field. In particular the particle-particle ladder diagrams can be taken 
into account systematically. Furthermore, when viewed from a particle-hole picture the lad-
der diagrams contain maximally crossing diagrams, too. The calculation, however may be 
harder to do than usual because it is related to a two-particle propagator. Historically, the 
ladder diagram has appeared in connection to bound states and the determining equation 
has been named the Bethe-Salpeter equation3). In that case the interest was in finding a 
bound state energy and not the statistical properties. To understand many-particle systems 
the present approach should play an important role. 
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